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General three-dimensional motion of tethered TV-body systems is considered. Equations of motion are derived
using the Lagrangian formulation. The derived equations are valid for large librational motion, variable lengths,
and an arbitrary orbit. The elasticity and mass of the tethers are taken into account. Longitudinal and transverse
displacements of the tethers are assumed to be small compared to the lengths and are discretized using the
assumed-mode method. The nonlinear equations of motion are used for simulation of the system dynamics. For
eigenvalue analysis and control applications, however, the equations need to be linearized; this is done analytically.
Several examples are considered. Librational as well as longitudinal and transverse elastic frequencies of several
multibody systems are obtained. A segmented-tether model is used to obtain the higher frequencies of a system. It
is observed that the frequencies associated with the in-plane and out-of-plane motion of the system, a;/ and u>o, are
related by (u;0/J7c)? w (w//flc)? +1> where Hc is the orbital frequency. Typical transient responses of three-body
and four-body tethered systems are obtained.

Introduction

T ETHERED satellite systems (TSS) have received a lot of at-
tention in recent years. There have been many investigations

on their dynamics and control.1"3 Since initially the proposed ap-
plications involved only two bodies, until recent years, the interest
of the investigators was focused on two-body systems. There have
been several proposals recently, however, to use multibody tethered
systems, such as the space-station-based microgravity laboratory
that has been proposed by some potential users.

The in-plane dynamics of three-body TSS has been studied by
Lorenzini,4 as well as by Misra et al.,5 using different approaches.
Lorenzini et al.6 and Cosmo et al.7 have also studied the dynamics
of the four-mass tethered system called the tether elevator/crawler
system (TECS); the former is based on a bead model and Newtonian
approach, whereas the latter uses a Lagrangian approach to study
the in-plane dynamics. The in-plane eigenvalues and eigenvectors
for the four-body system were presented by Cosmo et al.7; in addi-
tion, damping of librational and longitudinal oscillations were also
considered. Kumar et al.8 have attempted to conduct a fairly basic
study of in-plane transverse oscillations of three-body, two-tethered
systems. A fairly general model for librational dynamics of N-body
TSS has been formulated by Misra and Modi,9 ignoring mass and
elasticity of the tethers. It has been shown that the flexibility of
tethers plays an important role in the stability of a TSS subjected
to aerodynamic forces.10-11 Thus, it should be included in a general
model.

The objective of this paper is to develop a formulation for simu-
lation of the three-dimensional nonlinear dynamics of Af-body sys-
tems with flexible tethers using a continuum model and to derive,
subsequently, the linearized equations of motion for control and lin-
ear stability analysis purposes. Stationkeeping phase is treated as a
special case of the variable length case, where the tether lengths are
constant.
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Formulation of the Problem
Kinematics and Energy Expressions

The system under consideration, Fig. 1, consists of N bodies con-
nected by N — I tethers. The former are assumed to be point masses,
having masses ml•, i = 1, 2 , . . . , N. The tethers have mass densities
(mass/length) piti = 1, 2 , . . . , TV — 1, and they are considered as
elastic. The zth tether, having length £/, connects the masses ra/

Fig. 1 Geometry of the system: a) projection of the W-body system in
the orbital plane and b) definition of angles 0,- and </>;.
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and w,- +1. To have a more general model and include systems with
crawlers, it is assumed that every tether is reeled partially by the
corresponding end bodies. Tether i is reeled out at a rate of p/a/€/
from body i and reeled in at a rate of p/ft £/ to body i + 1. It follows
that the rate of change of mass of body i is given by

thi = pi _ ift _ iif _ i - piUiit (1)

whereas a, — ft = 1. Dimensionless coefficients a,- and ft can be
either positive or negative and, in general, they are functions of time.

The motion of the system is described with^ respect to an orbital
coordinate system Xc, Yc, Zc with unit vectors ic Jc, kc and its origin
at the instantaneous center of mass of the system. The Xc axis is
along the local vertical, the Zc axis is along the orbit normal, and
the Yc axis completes the right-hand triad. The orbit is assumed to
be Keplerian with instantaneous angular velocity ^ = £2C. For a
circular orbit, of course, £2C is a constant. In addition to the orbital
coordinate system, a tether coordinate system corresponding to each
tether, */, y/, z/ , z — 1, 2 , . . . , TV — 1, where the jc/ axis is along the
connection line of the two ends of the tether, is used to describe
the motion of the system. The orientation of this coordinate system
with respect to the orbital coordinate system is defined by 0, and
0,, the in-plane and out-of-plane libratipnal angles of the line of
connection already mentioned. Vectors J/,y,, and &/ represent unit
vectors along this system of coordinate axes.

Let us define/?/ and/?,, as the position vectors of the zth body and
an element of the j'th tether with respect to the center of mass of the
system, respectively. Also let us define r/ and rt. as the displacement
vectors of body i +1 and an element of the /th tether with respect to
body i. From the definition of the center of mass that is assumed to
move in a Keplerian orbit one gets the following constraint relation
between the position vectors:

N N-l

fy d*i = 0 (2)
l ntt

^Pi I ft,
i '0

Substituting

= J?! + Rti = Ri + rti

in Eq. (2), and performing some algebra, one obtains
N-l

where

The mass coefficients in Eq. (4) are defined as

(3)

(4)

where
ni 4- rhi

m

(5)

(6)

and £0 is a reference length, m is total mass, and H is the Heaviside
step function. Since £/, in general, is a function of time, it is clear
that [ii is time dependent; however, /ly is a constant.

Using Eqs. (4) and (5) and the fact that the time derivatives of the
mass coefficients A/y are the same as those of Bj, the velocity and
acceleration of the zth mass are given by

N-l (7)

jrj + 2flyry + Aij'rj -

where Bj = —pjfijij/m and

rj = r-j + fly x rj, bj = bj + fly x bj (8)

Here (°) represents the time derivative of the vector with respect to
the tether coordinate frame and fly is the angular velocity of the y'th
tether with respect to the inertial frame.

Derivation of the equations of motion can be carried out using
various approaches. Here Lagrange's equations are used. Thus, ex-
pressions for the kinetic and potential energy must be written first.
It is assumed here that the orbital motion of the system is not af-
fected by its attitude dynamics. Therefore, only the attitude kinetic
and potential energies are required to obtain the equations of motion
corresponding to the attitude dynamics of the system.

Attitude kinetic energy of the system is given by
N i\ \ N~1\'l Cil 1ra« - V rm A • ft 1 + £ T A- / (ft, - ft,) d*/ (9)

,- = i \z / « = i Lz Jo J
Using Leibnitz's rule of differentiation of integrals with time varying
limits for />/, it can be shown that

d_
di r, tot - (10)

where rti = [(3/30 + ^/(3/3^/)]r / /. It should be mentioned here
that for the variables that are functions of time t and length coor-
dinate jc, e.g., rti and Rt., ( ) and (°) stand for total derivative (i.e.,
including the convective derivative) with respect to time in the in-
ertial and local coordinate frames, respectively. Substituting for Rt.
from Eq. (3), using Eq. (10), and performing some algebra, we can
rewrite Eq. (9) as

(11)
where p/ = pi/m.

Similarly, gravitational potential energy of the system due to its
attitude motion is given by

i - 3(/c •

^1 1 f*l
+ V -Pi I [rtt - 3(ic - rti)ic] • rti d*f

/ = i •'o
(12)

where a0 = GM/R*. Note that «o is not a constant in general. The
gravity gradient effects are accounted for in the dynamical model
through UgM .

Considering up to the third-order terms in the longitudinal strain
in the tethers and retaining terms up to the fourth order in the elastic
energy expression, the elastic potential energy of the system can be
written as

3xi
(13)

where uf, v/, and wi are the longitudinal and transverse displace-
ments of an element of the /th tether. These are discussed further in
the following section.

Discretization and Generalized Coordinates
The elastic displacements of an element of the y'th tether at a

distance jcy, measured from the mass ray along the underformed
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tether, are denoted by HJ, Vj, and wjt along jc/ , y7-, and Zj, respec-
tively. The first one is the longitudinal displacement, whereas the
last two are the transverse displacements of the element. Therefore,
the displacement vectors r/ and rtj can be written as

rj = (ij + utj rtj = (14)

where ut. is the total stretch of the yth tether.
The elastic displacements, which are functions of both Xj and

time £, can be expanded in terms of a set of admissible functions as
follows:

9 0 = Xj(sj)Ttj(t)9 vj(xjt 0 =
wj(xj,t)=Zj(Sj)Tvj(t)

(15)

where Sj = Xj/ij is a nondimensional distance, £y , 77^, and i/7 are
vectors of longitudinal and transverse elastic degrees of freedom
(DOF), and Xj, Yj, and Zj are column vectors containing longitu-
dinal and transverse admissible functions corresponding to the y th
tether. The admissible functions are arbitrary, but they must satisfy
at least the geometric boundary conditions in an energy formulation.
The following functions are chosen as admissible functions in this
formulation:

,2*-l Yjk(Sj) = Z j k ( S j ) = V2 sin(knSj) (16)

In three-dimensional motion, N-point masses can have a maxi-
mum of 3N degrees of freedom. Confining the center of mass to a
specified trajectory reduces this number to 3N — 3. Since the system
under consideration consists of Af-point masses connected by N — 1
elastic tethers in a chain configuration, the motion of the system can
be described by 3 N — 3 rigid degrees of freedom, corresponding
to the rigid body motion of the tethers, and Ne elastic degrees of
freedom for all tethers.

The generalized coordinates of the system are chosen here as

9=

where the subset qj is the contribution of the y'th tether to the gen-
eralized coordinates vector and consists of

(18)

where #,, fa, and ij describe the rigid body motion of the j th tether,
whereas £y , rjj, and î - describe its elastic motion.

Such a definition of the generalized coordinates leads to a very in-
teresting characteristic of the system that helps us to reduce the effort
involved in deriving the equations of motion analytically, which can
be considerable otherwise. Considering the expressions for r;-, rtj,
and bj, we can write partial derivatives of these vectors with respect
to the generalized coordinates easily. Let us define pqn as the pth
generalized coordinate of the nth tether. Since it belongs to the nth
subset of generalized coordinates, we can then write

drj
ap9n TT

0

if; 7^"
if j = n

(19)

Advantage of this is taken in this formulation extensively.

Equations of Motion
Having the kinetic and potential energies of the system associated

with its attitude motion, we can derive the equations of motion using
Lagrange's equations. Exercising care to carry out differentiation
of integral terms with time-dependent limits and performing some
complicated summation and algebraic manipulations, one can come

up with the following form of the equations of motion for the pth
generalized coordinate of the nth tether:

N-lN-lw2^z^
7 = 1 *=1

' T „«,/ + TZ-*/p nj Z-*1

7 = 1 7=1

Sn = ̂  (20)

where pGnjk is the term associated with partial derivatives of the
mass coefficients with respect to pqn , which is zero except for pqn =
in, pHnj is the term associated with time derivatives of the mass
coefficients, pPnj is the term associated with second derivatives
of displacement vectors with respect to time, and pSn is an integral
over the nth tether. These terms are given in Appendix A. In Eq. (20)
pQn is the generalized force corresponding to pqn, resulting from
external forces other than the gravitational force, such as thrusts,
aerodynamic forces, and structural damping in the tethers.

The generalized forces corresponding to structural damping of the
tethers are modeled using a special form of the Rayleigh method.
They are given in the following vector form:

where c is a constant selected for the desired damping ratio.
The complexity of the derived equations can be appreciated when

one compares these equations with those of N-body tethered sys-
tems with rigid and massless tethers given by Misra and Modi.9
Since the mass and flexibility of the tethers were ignored in that
formulation, one can realize that p Gnjk , p Hnj , and p Sn all vanish in
Eq. (20) and jln andbn become zero in Eq. (A3). Therefore, the equa-
tion of motion corresponding to pqn obtained by these researchers
can be written simply as follows:

p _ pQn
"J ~~ ™

where

and F7-n is a nondimensional mass coefficient defined by
N

Fin =

(22)

(23)

(24)

The terms in Eq. (20) become simpler even with tether mass and
flexibility, if it is assumed that the changes in mass of the /th tether is
equal and opposite to that of body i. It means that ith tether is being
reeled in/out to/from the ith body. In this case, /z/ is a constant, the
first two terms in Eq. (20) become zero, and the equation of motion
for pqn degree of freedom is given by

— Sn -h

/. arn _ afln \x [ry + «0(ry - 3(ic • ry)ic)] + I HjAjn-— - ^j^n~— \

(25)

where p'Sn is as given in Appendix A. It gets simplified further when
the system under consideration is in the stationkeeping phase. In this
situation, pLn given in Appendix A vanishes and in is not one of
the generalized coordinates any more.

Equations of Motion in the Matrix Form
To simulate the equations of motion they should be written in the

matrix form
Mq =f (26)

where the mass matrix M is a function of q and time t, whereas the
force vector/ is a nonlinear function of q, q, and t.

Since in many practical cases /z, = const (i.e., ith tether is being
reeled in/out to/from the ith body or the system is in the stationkeep-
ing phase), we will work with Eq. (25) instead of Eq. (20) from now
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on. Clearly only those terms with second derivative of displacement
vectors with respect to time contribute to the mass matrix; i.e., the
mass matrix is obtained from

f /

(•
l V

jn ~ ———
opqn

_ _ dbndbn\ ~\ [tn, .
~ ——— • bj [ + pn / (rtn • pgn)
opqn/ ] Jo

(27)
where pgn = (drtjdpqn) for pqn ^ tn and pgn = [(drtn/dln) +
(drtfl/dxn)] for pqn = tn. Since r j , b j , and rtj are only functions of
qj , one can express the second time derivatives of these vectors as

+ drj , + dbj , rtj = jqj + dtj

(28)

where *Drj , 'Dbj > and ̂ <; are row matrices with vectorial elements,
and drj , dbj , and dt. are vectors corresponding to the j th tether. They
are given in Appendix B. Using these relations and performing the
required manipulations, one can write Eq. (25) as

= pfn (29)

where pfn is the element of force vector corresponding to pqn and
(nMp)j is the contribution of yth tether to the corresponding row of
mass matrix to pqn. They are not given in this paper for the sake of
brevity. Equation (29) is the equation that is used to construct the
mass matrix Af, and force vector,/ appearing in Eq. (26).
Linearization of the Equations of Motion

To analyze the stability of the system in the linear sense and to
control the system using linear control laws, such as linear quadratic
regulators (LQR), we need to have the linearized form of the equa-
tions of motion. Often linearization of the equations of motion is
done numerically for lengthy and complicated equations. It is always
preferable, however, to obtain the linearized equations analytically,
because of numerical difficulty with differentiation (such as noise).
Here, although we are dealing with very complicated and lengthy
equations of motion, we can linearize them analytically using the
fact that all of the vectors participating in the equations are functions
of only their own specific set of generalized coordinates, by virtue
ofEq. (19).

Thus, Eq. (26) can be written in linearized form as

(30)

where ( ) indicates the value of the variable in the nominal state,
about which the equations are linearized, and Sq shows the deviation
of the state from the nominal state, i.e., q = q 4- 8q. Matrices
dM/dq, df/dq, and df/dq are Jacobian matrices of mass matrix
and force vector with respect to q and q. They are not presented
here for the sake of brevity. If the equilibrium point of the system
q — q — 0 is chosen as the state about which linearization is carried
out, then Eq. (30) can be written as

dq
(31)

Numerical Results
The formulation presented in this paper was validated in two

ways: by comparing the equations of motion of some simple cases
with the results of a symbolic program developed by the authors us-
ing the symbolic manipulator language Maple-V and also by com-
paring the numerical results of some special cases with the results
of other researchers. Some of the latter comparisons are presented
in the following sections.

Eigenvalue Analysis: Some Examples
Results of several cases, considered by other researchers, are used

to validate the formulation. Table 1 compares the in-plane, nondi-
mensional eigenfrequencies (cw/ £2C) of a three-body tethered system
in a circular orbit and stationkeeping phase obtained by the present
formulation with the results of Kumar et al.8 The system consists of
three-point masses, mi = 105 kg, w2 = 5000 kg, and w3 = 104 kg,
the two tethers having a linear mass density of p\ = p2 = 6 kg/km,
and axial stiffness EA\ = EA2 = 61,645 N. Three different cases
of length configurations are considered, assuming I \+t2 = 10 km.

Although the linearized in-plane motion of the system are coupled
and every eigenfrequency contributes to the motion of all general-
ized coordinates, the coupling is fairly weak so that each frequency is
associated exclusively with either one longitudinal or one of the in-
plane or out-of-plane transverse modes. This is inferred by observing
the corresponding eigenvector. Thus, the modes are easily identifi-
able and are shown by the label Type in the last column of Table 1.

Since Kumar et al.8 did not consider longitudinal elastic oscilla-
tions of the tethers in their analysis, they have no eigenfrequencies
corresponding to these modes of the system. Although the results
of the present formulation are in good accord with those of Ref. 8,
the differences can be explained: ignoring the longitudinal elastic
oscillations leads to omitting the gyroscopic effects in the linearized
form of in-plane motion. Similar results to those in Ref. 9 are also
obtained for rigid body motion of a four-body system with different
length configurations, which are not presented here.

Table 2 compares the nondimensional planar eigenfrequencies
of different cases of a two-body tethered system obtained from the
present formulation with those of Pasca and Pignataro.12 Although
the results are for two-body systems, there is, however, a very inter-
esting point, showing the capabilities of the present formulation.

Because of some computing hardware restrictions the number of
elastic modes of a tether in each direction was limited to two in the
computation. It means that each tether at most can have six elastic
degree of freedom. With this limitation, one can expect to obtain
only the first two longitudinal and the first two transverse eigen-
frequencies of the in-plane motion of a two-body system, and the
higher frequencies of the system can not be obtained. Using what
we call a segmented-tether model, i.e., by breaking the tethers to
a number of smaller tethers and putting a negligible mass at the
connection points of the smaller tethers, however, one can obtain
the higher frequencies of the system to whatever order one desires,
limited only by the capability of the computing facility being used.

Results of Ref. 12 and the present formulation, employing a
segmented-tether model, for a two-body tethered system with tether
density p = 5.76 kg/km, longitudinal stiffness EA = 2.8 x 105 N,
and different tether length and mass combinations are given in
Table 2. The orbit is circular with orbital radius Rc = 6657 km.
As an example, the two-body tethered system in the first case

Table 1 In-plane dimensionless frequencies (cj/nc) of a three-body system

Mode
1
2
3
4
5
6
7
8

Present form.

1.725
6.503

22.084
80.535
81.807

161.131
244.424
322.178

Ref.8

1.732
6.506

——
——
81.756

162.917
243.821
326.062

Present form.

1.725
5.692

21.959
70.817
89.291

178.665
271.027
278.702

Ref.8

1.732
5.694

——
——
90.484

180.366
269.843
279.322

Present form.
1.724
5.164

21.094
63.867

133.075
146.909
266.356
294.268

Ref.8

1.732
5.166

——
——

134.088
147.642
267.580
295.183

Type

Lib.
Lib

Long.
Long.
Iran.
Tran.
Tran.
Tran.
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Table 2 In-plane dimensionless frequencies (u;/nc) of a two-body system

£ = 100 km, mi = 105 kg
m2 = 500 kg

Mode
1
2
3
4
5

10
11
12

Present form.

1.731
6.389

12.059
17.879
23.742
53.344
54.541
59.337

Ref. 12
1.794
6.905

12.457
18.269
24.143
53.807
54.559
59.758

t — 20km, mi = oo
mi — 576 kg

Present form.
1.732

12.777
25.245
37.795
50.369

——

Ref. 12

1.733
12.780
25.241
37.771
50.319

——

1 = 20 km, mi = oo
m2 = 115.2kg

Present form.

1.732
6.709

12.747
18.929
25.148

——

Ref. 12
1.742
6.750

12.811
19.014
25.256

——

Type

Lib.
Iran.
Iran.
Iran.
Iran.
Iran.
Long.
Iran.

Table 3 First 10 nondimensional longitudinal and transverse frequencies (u/£lc) of a two-body TSS and an 11-body TSS

Case 1: single-probe TSS
mi = 105kg,m2 = 500 kg

t = 100 km

Case 2: 10-probe TSS
mi = 105kg,m, =500 kg

t\ =55kiM/ =5 km

Lib. and Tran. ^o ~ ̂ /
Mode

1
2
3
4
5
6
7
8
9
10

Long.

54.541
208.026
389.134
577.896
771.800
971.095
1176.628
1389.404
1610.410
1840.492

0)1

1.731
6.388
12.059
17.879
23.742
29.627
35.528 .
41.445
47.383
53.344

0)0

2.000
6.466
12.101
17.907
23.763
29.643
35.542
41.458
47.393
53.354

a?
1.002
1.002
1.002
1.002
1.002
1.002
1.002
1.002
1.002
1.002

Long.

24.209
93.781
174.065
251.930
321.395
370.592
412.193
463.049
508.205
542.257

Lib. and Tran. v2o ~ &>/
0)1

1.726
4.882
8.356
11.940
15.605
19.331
23.039
26.241
28.699
32.367

0)Q &c

2.000 1.010
4.984 1.005
8.416 1.005
11.982 1.005
15.638
19.358
23.061
26.260
28.716
32.383

.006

.006

.007

.008

.008

.008

(t = 100 km, mi = 105 kg, m2 = 500 kg) is presented as a
21-body system with mi = 105 kg, m, = 0.001 kg, i = 2 , . . . , 20;
m2i = 500 kg, and pt = 5.76 kg/km, £,- = 5 km, / = 1 , . . . , 20. In
addition to three rigid DOFs, three elastic DOFs, one longitudinal,
one in-plane transverse, and one out-of-plane transverse elastic DOF
are considered for each tether. In total the system has 120 DOFs of
which 20, corresponding to the tether lengths, are not involved in the
eigenvalue problem since the system is in the stationkeeping phase.
It takes only 80 s to find the fixed point and the eigenfrequencies of
this system on a 486/66 personal computer.

The first column of Table 2 shows the mode number, whereas
the last column represents the type of the modes. As can be seen,
the results obtained in the two formulations for the second case
(€ = 20 km, mi = oo, m2 = 576 kg) are closer than the other two
cases, because the parameter y = pl/m2 defined in Ref. 12, which
has an important role in their theory and employed perturbation
method, has a much lower value in this case than the other cases. As
mentioned by the authors in Ref. 12, their results are more accurate
for smaller y.

Table 3 presents some results for a 10-probe tethered system
deployed from the Shuttle and compares the first 10 longitudinal and
the first 10 transverse frequencies with those of a single-probe case.
The two-body system is exactly the same as the first case of Table 2.
The multibody system consists of mi = 105 kg, m/ = 500 kg, / =
2, . . . , 11; pi = 5.76 kg/km, EAt = 2.8 x 105 N, i = 1 , . . . , 10;
ii = 55 km, £/ = 5 km, i = 2 , . . . , 10. Thus, the total tether length
is the same (100 km). Both systems have the same orbital motion.
One can note many more low-frequency elastic modes for the 10-
probe system. It is also noted that the in-plane and out-of-plane
transverse frequencies are related by (coo/ ft)? & (CD// ft)? + 1.

Numerical Simulations: System with Constant Lengths
Nonlinear equations of motion obtained from the present formula-

tion have been integrated numerically using the Gear's method. For
the three-body system, the results are the same as those obtained by
Misra and Modi9 and are omitted here for brevity. Dynamic response
of a four-body system [tether elevator/crawler system or (TECS)]
shown in Fig. 2, has also been obtained. This is discussed next.

A system similar to that studied by Cosmo et al.7 is considered
here, except that they have not considered transverse elastic oscilla-

I m . Upper Platform

Upper Tether

Space-Station

Fig. 2 Tether elevator/crawler system4:
orbit radius Rc = 6828 km, lower plat-
form mass mi = 10,000 kg, space sta-
tion mass W2 = 300,000 kg, elevator mass
m\ = 5000 kg, upper platform mass mi
= 10,000 kg, tether mass density p =
6 kg/km, first tether length t\ - 10.5 km,
second tether length £2 = 1 km, third
tether length £5 = 9 km, tether stiffness
EA = 61,575 N, and structural damping

tions of the tethers. The parameters of TECS are chosen as follows:
mi = 104 kg, m2 = 3 x 105 kg, m3 = 5000 kg, m4 = 104 kg,
t\ — 10.5 km, ti = 1 km, £3 = 9 km. The tethers have a linear
mass density of p\ = p2 = p3 = 6 kg/km and axial stiffness
EAi = EA2 = EA$ = 61575.2 N. The system is in a circular
orbit at an altitude of 450 km and is in the stationkeeping phase.
The elastic oscillations of each tether are represented by 3 elastic
DOFs, one longitudinal, one in-plane, and one out-of-plane trans-
verse elastic mode. Therefore, the complete attitude motion of the
system is described by 15 DOFs. The effect of structural damping on
the response of the system is studied by introducing a damping ratio
£ = 1.2% based on the first natural frequency of the longitudinal
elastic oscillation of the system.
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ei _e w.
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1.0 2.0 3.0 b) 0.0 1.0 2.0

Non-dimensional time (orbits)
Fig. 3 Typical dynamic response of TECS with constant length a) in the absence of material damping and b) in the presence of material damping.

Table 4 presents the eigenvalues of the TECS, in the absence and
presence of structural damping of the tethers. At the bottom, the
longitudinal stretches of the tethers in the equilibrium position of
the system are given. The structural damping affects the longitudinal
modes directly but the librational motion as well as the transverse
modes only through a second-order coupling. Thus, the eigenvalues
associated with the transverse oscillations have much smaller damp-
ing (negative real parts). This can be also observed in the dynamical
response of the system (Fig. 3). Note that the structural damping

introduces no damping to the out-of-plane frequencies (Table 4).
That is because the in-plane (IP) and out-of-plane (OP) motion are
decoupled in the linear sense. One can also notice that the struc-
tural damping here has almost no effect on the natural frequencies
of the system (imaginary parts) but has a significant effect on the
real parts of the eigenvalues associated with the higher modes of the
system.

Simulation up to 17,000 s (~3 orbits) of the stationkeeping phase
of TECS has been run with a set of initial conditions that perturb the
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system from its equilibrium position and excite its general dynamics.
The initial conditions were chosen as follows, where values for 9
and 0 are in radians (degrees) and for £, 77, v are in meters:

0! = 0.07(4.01),

m\ = 10.0,
02 = 0.03(1.72),

63 = 0.04(2.29),

0i = 0.05(2.86), £n = 64.0

vn = 0.0, 02 = 0.04(2.29)

£21 = 6.0, ?fei = U2i = 0.0

03 = 0.03(1.72), &i

l?31 = 0.0, = 5.0

Figure 3 shows the time history of some of the generalized coor-
dinates of the system in the absence and presence of the structural
damping. The effect of structural damping in the longitudinal oscil-
lations of the tethers is quite evident (second graph in Figs. 3a and
3b). As has been said before, however, it has almost no effect on the
librational and transverse oscillations of the tethers.

Numerical Simulations: System with Variable Lengths
Figures 4 and 5 display simulation results up to 18 orbits for libra-

tional motion and 2.5 orbits for vibrational motion of the tethers for
a two-phase operation: deployment of the elevator in approximately
one orbit followed by the stationkeeping phase. The elevator (w3)
is deployed from the space station by increasing the second tether
length. The following strategy is used for this operation:

t < T

t> T (32)

where (€2)o = 1 km, A£2 = 9 km, and T = 5600 s for the
present case. The same parameters are chosen as in the stationkeep-
ing phase using the same units, and the initial conditions are set as
follows:

0i = 0.07(4.01),
mi = 50.0,

02 = 0.03(1.72),

0i - 0.05(2.86), fn = 64.0
n = 10.0, 02 = 0.04(2.29)

£>i = 6.0, 7721 = 10.0

v2i = 5.0, 03 - 0.04(2.29), 03 = 0.03(1.72)
£31 = 52.0, 7731 = 50.0, vai = 10.0

Table 4 Eigenvalues and nominal stretch of the tethers of TECS

In the absence of
structural damping

In the presence of
structural damping

= (m2)o - ~ (€2)0]

Mode System eigenvalues

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15

0± 1.7247*
0± 1.7839*
0± 2.0000*
0 ±2.0512*
0± 8.4160*
0± 8.4768*
0 ±21. 7990*
0± 22.7067*
0 ± 68.8932*
0± 68.9004*
0 ± 78.4984*
0 ± 78.5047*
0± 105.3134*
0 ±723.1814*
0± 723.1821*

Tether stretches: u^ = 67.835 m, i

-0.00001 ±1.7247*
-0.00001 ±1.7839*

0 ±2.0000*
0± 2.0512*

-0.00001 ± 8.4160*
0 ± 8.4768*

-0.26528 ±21. 7974*
-0.28789 ± 22.7048*

0 ± 68.8932*
0 ± 68.9004*

-0.00000 ± 78.4984*
0 ± 78.5047*

-6.20478 ±105. 1304*
0± 723.1814*
0± 723.1821*

ui2 = 6.464 m, u^ = 55.

Type

IP lib.
IP lib.
OP lib.
OP lib.
IP lib.
OP lib.
Long.
Long.
IP tran.
OP tran.
IP tran.
OP tran.
Long.
IP tran.
OP tran.

.351m

b)

!

c)
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Non-dimensional time (orbits)
6.0 12.0 18.0

Fig. 4 Topical dynamic response of TECS with variable length: a) length variation of tether 2, b) deployment rate of tether 2, c) Hamiltonian of the
system, d) in-plane libration of the tether 1, e) in-plane libration of the tether 2, and f) in-plane libration of the tether 3.
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Fig. 5 Typical dynamic response of TECS with variable length: a) longitudinal oscillation of the tethers and b) in-plane transverse oscillation of
tether 2.

The deployment strategy is shown in Figs. 4a and 4b, and the
Hamiltonian of the system is shown in Fig. 4c. Note that during
the stationkeeping phase the Hamiltonian is conserved, which gives
some confidence in the formulation and numerical analysis. Com-
paring the results shown in Figs. 4 and 5, one can see that the de-
ployment here has a greater effect on the librational and vibrational
motion of tethers 2 and 3 than on the first tether. This can be ex-
plained by a very small effect of deployment on the position of the
center of mass and, consequently, on that of the lower platform.
The Coriolis effect on the librational motions can be seen clearly
from Figs. 4d-4f. These figures show that during the accelerating
period these motions tend to grow, whereas it is the converse for
the decelerating period. Therefore, it is evident that the librational
motion can become unstable, even in deployment phase, for a par-
ticular range of deploying rate. Because of the very close librational
frequencies of the system in the final stationkeeping phase, there is
a beat phenomenon between the librational motion of the first tether
and the other two tethers that can be seen in Figs. 4d-4f.

Figure 5a shows the longitudinal oscillations of the tethers. It is
seen that during the deployment, the longitudinal stretch of tethers
2 and 3 are affected more than that of tether 1. This is because
of increasing tension in these two tethers due to deployment of
ras and m^ to higher altitudes. Typical transverse vibrations of the
tethers, usually oscillatory motions with high frequency, are shown
in Fig. 5b. The shorter the tether length, the higher is the frequency.

Conclusions
A Lagrangian formulation for three-dimensional motion of N-

body tethered systems was presented. The equations of motion
obtained are valid for large motion, variable lengths, flexible and
massive tethers, and any arbitrary orbit. The continuous tethers
were discretized using the assumed-mode method. The nonlinear
equations of motion were linearized analytically for stability anal-
ysis and control applications. Eigenvalue analysis was carried out
for several multibody tethered systems in the stationkeeping phase.

The segmented-tether model was introduced to obtain higher natural
frequencies of the system. It was observed that for small motion the
out-of-plane frequencies a)Oj are, in general, related to the in-plane
frequencies by the approximate relation co2

o. w o?}. + £2j, £2C being
the orbital frequency. It can be explained by the fact that the sum
of the gravity gradient and the centrifugal gadient is proportional
to 4£2j for the out-of-plane displacements and equal to 3£2j for the
in-plane displacements.

Typical transient response of a four-body tethered system, called
TECS, was presented for two different cases: constant length and
variable length. The effect of structural damping on the eigenval-
ues of the system and its uncontrolled motion was studied. It was
noticed that this damping has a negligible effect on the transverse
oscillations of the tethers, whereas their longitudinal oscillations are
significantly affected.

The formulation presented here would be useful for the dynamical
and control analysis of multiprobe systems, as well as for possible
space-station-based tethered systems.

Appendix A: Explicit Expressions for
Various Terms in Eq. (20)

The terms pGnjk, pHnj, pPnj, and pSn appearing in Eq. (20) are
given by

njk = T-1 1 P>j(bj + <*l{bj - 3(ic • bj}icdp(In ( L

jfj) - Anj'fj - -(2Anj - Snj)

-3(ic
. 1

'J «c J
1

Hnj = [-Bj(2Ajn - A

(Al)

j n B j f j ] • -^-

" (A2)
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P —\F drn d6n \ r.. 2/ _ o/" y \] The column vectors T>r., 2\, and *Dt. are, in fact, partial derivatives
Prnj - yj»dpqn ^^n nj dpqn) ' \rj^a^rj Wc'rJ>lc>\ of vectors r i t b i f and r,, with respect to the elements of generalized

coordinate vector #/ corresponding to the zth tether, respectively.
They are given by

/

f-n f\r

fa* + «o{^n ~ 3(JC • rr/l)ic} - —— dxn"p^n

. . 3r £An /•*" 95
+ Bnrn • -—— + —— I -— dxn + pLnopqn im J0 opqn

where pLn = 0 for pqn ^ ln and

p 2m *•-"'*''-'•'' ' <-"\--" 2 / L ' " "•"J-««=o

for fqn = (.„. In the above equations £„ is defined as

„ f Bu,

(A3)

(A4)

(A5)

(A6)

Appendix B: Quantities Required to
Evaluate ry-, /Jy> and rtj

Defining the following expressions:

- = / Ffdy/ ,
v'O

>r = ̂  oi)
Zw-= Z/ds/,

ds,

ds

7n _ d2Z-
,̂- — ~7~T"

where 5, = j

A/ = [<& (

,̂- and vectors

+ 0,0 cos (/>,- + (90 sin $&

,0 sin 0j + (90 cos 0/]^

7,- =

r/ = fa (cos fait — (B2)

then vectors ifr. , ̂ . , ̂ . are given by

rfr. = 2£2/ x r/ + H/ x (n,- x r/) + A,- x r/

*, = (%/*<$ + (2€,/€0)C«- + 20,- x &

+ O/ x (O/ x £/) + A/ x bi

dti = (-TJiii/liKi + j?ft + 25/C- + 20/ x r,.

+ O/ x (O,- x rtl) + A/ x r/(.

(B3)

0
0

Z/i/
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